
Frqylfwlqj wkh Lqqrfhqw= Wkh Lqihulrulw| ri
Xqdqlprxv Mxu| Yhuglfwv

Wlprwk| Ihgghuvhq dqg Zroijdqj Shvhqgruihu�

Qryhpehu 4<<9

Devwudfw

Lw lv riwhq vxjjhvwhg wkdw uhtxlulqj mxulhv wr uhdfk d xqdqlprxv
yhuglfw uhgxfhv wkh suredelolw| ri frqylfwlqj dq lqqrfhqw ghihqgdqw

zkloh lqfuhdvlqj wkh suredelolw| ri dftxlwwlqj d jxlow| ghihqgdqw1 Zh
frqvwuxfw d prgho wkdw ghprqvwudwhv krz vwudwhjlf yrwlqj e| mxuruv
xqghuplqhv wklv edvlf lqwxlwlrq1 Zh vkrz wkdw xqdqlplw| uxoh pd|
ohdg wr kljk suredelolwlhv ri erwk nlqgv ri huuruv dqg wkdw wkh sured0
elolw| ri frqylfwlqj dq lqqrfhqw pd| dfwxdoo| lqfuhdvh zlwk wkh vl}h ri
wkh mxu|1 Ilqdoo|/ zh ghprqvwudwh wkdw d zlgh ydulhw| ri yrwlqj uxohv/
lqfoxglqj vlpsoh pdmrulw| uxoh/ ohdg wr pxfk orzhu suredelolwlhv ri erwk
nlqgv ri huuruv1

4 Lqwurgxfwlrq dqg Olwhudwxuh Uhylhz

Lw lv riwhq vxjjhvwhg wkdw uhtxlulqj mxulhv wr uhdfk d xqdqlprxv yhuglfw uh0
gxfhv wkh suredelolw| ri frqylfwlqj dq lqqrfhqw ghihqgdqw zkloh lqfuhdvlqj
wkh suredelolw| ri dftxlwwlqj d jxlow| ghihqgdqw1 Zh frqvwuxfw d prgho wkdw
ghprqvwudwhv krz vwudwhjlf yrwlqj e| mxuruv xqghuplqhv wklv edvlf lqwxlwlrq1
Zh vkrz wkdw xqdqlplw| uxoh pd| ohdg wr kljk suredelolwlhv ri erwk nlqgv
ri huuruv dqg wkdw wkh suredelolw| ri frqylfwlqj dq lqqrfhqw pd| dfwxdoo| lq0
fuhdvh zlwk wkh vl}h ri wkh mxu|1 Ilqdoo|/ zh ghprqvwudwh wkdw d zlgh ydulhw| ri

�Zh wkdqn Urjhu P|huvrq iru surylglqj wkh dujxphqw jlyhq lq Dsshqgl{ D1 Fdofxod0
wlrqv zhuh grqh xvlqj Vflhqwl�f Zrunsodfh1
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yrwlqj uxohv/ lqfoxglqj vlpsoh pdmrulw| uxoh/ ohdg wr pxfk orzhu suredelolwlhv
ri erwk nlqgv ri huuruv1

Wkhuh lv d odujh olwhudwxuh rq mxulhv dqg mxu| ghflvlrq pdnlqj14 Rqh ri wkh
fhqwudo dujxphqwv iru mxulhv lv wkdw d jurxs zloo pdnh d ehwwhu ghflvlrq wkdq dq
lqglylgxdo15 Wklv lv wkh fhqwudo dujxphqw ghyhorshg lq wkh olwhudwxuh rq Frq0
grufhw*v mxu| wkhruhp16 Wkh mxu| wkhruhp olwhudwxuh irupdol}hv mxu| ghflvlrq
pdnlqj e| dvvxplqj wkdw mxuruv srvvhvv erwk sxeolf dqg sulydwh lqirupdwlrq
h1j1/ derxw wkh jxlow ru lqqrfhqfh ri wkh ghihqgdqw1 Wkh sxeolf lqirupdwlrq
frphv iurp wkh idfw wkdw doo mxuruv revhuyh wkh vdph hylghqfh suhvhqwhg dw
wkh wuldo1 Wkh irupdol}dwlrq wkdw mxuruv kdyh sulydwh lqirupdwlrq fdswxuhv
wkh idfw wkdw mxuruv lqwhusuhw hylghqfh gl�huhqwo| e| yluwxh ri gl�huhqw olih
h{shulhqfhv dqg frpshwhqflhv1 Zkloh mxuruv srvvhvv sulydwh lqirupdwlrq/ doo
duh dvvxphg wr suhihu wr dftxlw lqqrfhqw ghihqgdqwv dqg frqylfw jxlow| rqhv1
Vlqfh qr mxuru nqrzv zlwk fhuwdlqw| li wkh ghihqgdqw lv jxlow| ru lqqrfhqw/ mxu|
ghflvlrqv pdgh e| yrwlqj djjuhjdwh erwk wkh sxeolf dqg sulydwh lqirupdwlrq1
Wkxv/ mxulhv uhdfk d ehwwhu uhvxow wkdq dq| lqglylgxdo1

Xqwlo uhfhqwo|/ wkh olwhudwxuh rq yrwlqj e| mxulhv kdv dvvxphg wkdw mxuruv
zloo yrwh wr frqylfw ru dftxlw zlwkrxw wdnlqj lqwr dffrxqw krz wkh rwkhu mxuruv
duh yrwlqj1 Zh fdoo vxfk ehkdylru vlqfhuh yrwlqj1 Vhyhudo uhfhqw sdshuv
kdyh fkdoohqjhg wklv dvvxpswlrq dqg ghprqvwudwhg wkdw wkh xvh ri yrwlqj
uxohv fuhdwhv dq lqfhqwlyh iru mxuruv wr yrwh vwudwhjlfdoo|17 Wkh lqfhqwlyh wr
yrwh vwudwhjlfdoo| dulvhv ehfdxvh d mxuru*v yrwh rqo| pdwwhuv zkhq d yrwh lv
slyrwdo dqg ehfdxvh wkh lqirupdwlrq srvvhvvhg e| rwkhu mxuruv lv uhohydqw iru d
mxuru*v ghflvlrq1 Iru h{dpsoh/ xqghu wkh xqdqlplw| uxoh d yrwh lv slyrwdo rqo|
zkhq doo wkh rwkhu mxuruv kdyh yrwhg wr frqylfw1 Wkh idfw wkdw doo wkh rwkhu
mxuruv kdyh yrwhg wr frqylfw uhyhdov dgglwlrqdo uhohydqw lqirupdwlrq derxw wkh
jxlow ri wkh ghihqgdqw= lw uhyhdov/ dw ohdvw lq sduw/ wkh rwkhu mxuruv* sulydwh
lqirupdwlrq1 Vxfk lqirupdwlrq pd| ryhuzkhop wkh mxuru*v sulydwh dvvhvvphqw
ri wkh fdvh dqg fdxvh d mxuru rwkhuzlvh lqfolqhg wr yrwh iru dftxlwwdo wr yrwh
iru frqylfwlrq lqvwhdg1

Lq wklv sdshu zh h{dplqh wkh lpsolfdwlrqv ri vwudwhjlf yrwlqj e| mxuruv

4Vhh iru h{dpsoh= Nodyhq dqg ]hlvho +4<99,> PfFduw +4<98,> Ohylqh +4<<5,> dqg Dgohu
+4<<7,1

5Vhh/ iru h{dpsoh/ Nodyhq dqg ]hlvho +4<99/ sdjh ;,= �lw lv dujxhg wkdw 45 khdgv duh
lqhylwdeo| ehwwhu wkdq rqh1�

6Vhh Nohyrulfn hw1 do1 +4<;7,/ Odgkd +4<<5,/ Ploohu +4<;9,/ dqg \rxqj +4<;;/4<<7,1
7Vhh Dxvwhq0Vplwk dqg Edqnv +4<<9,> Ihgghuvhq dqg Shvhqgruihu +4<<7/ 4<<9d/ 4<<9e,>

P|huvrq +4<<7,> Zlw +4<<9,> dqg PfOhqqdq +4<<9,1
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dqg ghprqvwudwh wkdw edvlf lqwxlwlrqv derxw wkh frqvhtxhqfhv ri gl�huhqw mxu|
ghflvlrq uxohv ghulyhg iurp wkh dvvxpswlrq wkdw mxuruv zloo yrwh vlqfhuho| pd|
eh gudpdwlfdoo| zurqj1 Ehorz zh frqvwuxfw d prgho ri mxu| ghflvlrq pdnlqj
zklfk lqfrusrudwhv sulydwh lqirupdwlrq dqg vwudwhjlf yrwlqj1 Zh vkrz wkdw
wkh uhtxluhphqw ri d xqdqlprxv yhuglfw wr frqylfw pd| dfwxdoo| uhvxow lq
d vljql�fdqwo| kljkhu suredelolw| ri frqylfwlqj dq lqqrfhqw ghihqgdqw wkdq/
h1j1/ vlpsoh pdmrulw| uxoh1 Zh frqfoxgh wkh sdshu zlwk ihz eulhi uhpdunv rq
wkh lpsolfdwlrqv ri rxu uhvxowv iru mxu| uhirup1

5 Prgho

Zh dvvxph wkhuh duh ? mxuruv zkr ghflgh wkh idwh ri d ghihqgdqw xvlqj d
yrwlqj uxoh1 Lq rughu wr pdnh wklqjv vlpsoh zh dvvxph wkhuh duh wzr vwdwhv
ri wkh zruog= wkh ghihqgdqw lv hlwkhu jxlow| ru lqqrfhqw18 Zh ghqrwh wkh
vwdwh ri wkh zruog lq zklfk wkh ghihqgdqw lv jxlow| e| C dqg lqqrfhqw e| U�
Zh dvvxph wkdw hdfk vwdwh rffxuv zlwk htxdo suredelolw|19 D yrwlqj uxoh lv
ghvfulehg e| d wkuhvkrog 	& vxfk wkdw wkh ghihqgdqw zloo eh frqylfwhg li dqg
rqo| li wkh qxpehu ri mxuruv wkdw yrwh wr frqylfw lv juhdwhu wkdq ru htxdo
wr 	&� Wkxv li 	& ' ? d xqdqlprxv yhuglfw lv uhtxluhg wr frqylfw/ zkhuhdv/ li
	& ' ?n�

2
c wkhq d frqylfwlrq lv rewdlqhg e| d vlpsoh pdmrulw| yrwh1 Wkhuh duh

wzr srvvleoh rxwfrphv ri wkh mxu|*v yrwh= hlwkhu wkh ghihqgdqw lv frqylfwhg/
ghqrwhg �c ru kh lv dftxlwwhg/ ghqrwhg ��

Mxuruv gr qrw nqrz iru vxuh li wkh ghihqgdqw lv jxlow| ru lqqrfhqw1 Zh
dvvxph wkdw hdfk mxuru jhwv d vljqdo } ru � wkdw lv fruuhodwhg zlwk wkh wuxh
vwdwh1 Wkh sdudphwhu R 5 E�Dc�� lv wkh suredelolw| wkdw mxuru uhfhlyhv vlj0
qdo � lq vwdwh a�: Zh dvvxph wkdw wkh vljqdo lv sulydwh lqirupdwlrq1 Wklv
dvvxpswlrq lpsolhv wkdw frppxqlfdwlrq ehwzhhq mxuruv lv olplwhg1 Jlyhq
wkdw mxulhv revhuyh wkh vdph idfwv dw wuldo dqg hqjdjh lq gholehudwlrq sulru wr
wdnlqj wkh �qdo yrwh lw pd| vhhp lqdssursuldwh wr dvvxph wkdw mxuruv kdyh
sulydwh lqirupdwlrq1 Krzhyhu/ wkhuh duh pxowlsoh lpshglphqwv vwdqglqj lq
wkh zd| ri frpsohwh glvforvxuh ri sulydwh lqirupdwlrq wkurxjk wkh gholehud0

8Ihgghuvhq dqg Shvhqgruihu +4<<9e/ 4<<9f, jhqhudol}h wkh vlpsoh wzr vwdwh prgho wr
pxowlsoh vwdwhv1 Dgglqj dgglwlrqdo vwdwhv zloo qrw ixqgdphqwdoo| dowhu rxu uhvxowv1

9Wklv dvvxpswlrq fdq eh hdvlo| uhod{hg zlwkrxw vljql�fdqwo| fkdqjlqj rxu uhvxowv1
:Wkh dvvxpswlrq wkdw wkh suredelolw| ri uhflhylqj vljqdo l lq vwdwh L lv lghqwlfdo wr wkh

suredelolw| ri uhfhlylqj vljqdo j lq vwdwh J lv fdq eh uhod{hg zlwkrxw vljql�fdqwo| fkdqjlqj
rxu uhvxowv1
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wlrq surfhvv1 Iru h{dpsoh/ vrph mxuruv pd| kdyh whfkqlfdo nqrzohgjh wkdw
lv uhohydqw iru wkh ghflvlrq exw zklfk fdqqrw eh ixoo| frppxqlfdwhg lq wkh
olplwhg dprxqw ri wlph sudfwlfdoo| dydlodeoh1 Mxuruv pd| dovr kdyh gl�huhqw
vwdqgdugv ri jxlow dqg lqqrfhqfh l1h1/ gl�huhqw suhihuhqfhv ryhu wkh rxwfrphv1
Gl�huhqw suhihuhqfhv zloo pdnh wkh vkdulqj ri doo lqirupdwlrq yhu| gl!fxow li
qrw lpsrvvleoh1 Ri frxuvh/ li wkhuh lv qr sulydwh lqirupdwlrq dqg qr suhihu0
hqfh glyhuvlw| wkhq doo yrwlqj uxohv zloo surgxfh wkh vdph rxwfrph dqg wkh
yrwlqj uxoh lv xqlpsruwdqw1

Hdfk mxuru pxvw fkrrvh krz wr yrwh edvhg rq khu sulydwh vljqdo1 Wkh
vwdqgdug dvvxpswlrq lv wkdw mxuruv zloo yrwh vlqfhuho|1 D mxuru yrwhv vlq0
fhuho| e| yrwlqj wr frqylfw li vkh uhfhlyhv d jxlow| vljqdo dqg yrwlqj wr dftxlw
rwkhuzlvh1

D frpshoolqj dujxphqw iru wkh uhtxluhphqw ri d xqdqlprxv yhuglfw/ +	& '
?,/ lv wkdw lw orzhuv wkh suredelolw| ri frqylfwlqj dq lqqrfhqw ghihqgdqw1 Lw lv
wkrxjkw wkdw wkh dgglwlrqdo surwhfwlrq ri wkh lqqrfhqw frphv dw wkh h{shqvh ri
dftxlwwlqj wkh jxlow| dqg wkdw vxfk d wudgh0r� lv dssursuldwh1 Wklv dujxphqw
kdv phulw li mxuruv yrwh vlqfhuho|1 Zkhq d xqdqlprxv ghflvlrq lv uhtxluhg
wr frqylfw dqg zkhq mxuruv yrwh vlqfhuho| wkh suredelolw| ri frqylfwlqj dq
lqqrfhqw ghihqgdqw lv plqlpl}hg1;

Wkh wurxeoh zlwk lqwxlwlrqv ghulyhg iurp vlqfhuh yrwlqj lv wkdw vlqfhuh
yrwlqj pd| qrw eh udwlrqdo1 Vxssrvh doo mxuruv kdyh suhihuhqfhv zklfk duh
jlyhq e| �E�c U� ' �E�cC� ' fc �E�c U� ' �^ dqg �E�cC� ' �E� � ^�
zkhuh ^ 5 Efc ��� Li d jxlow| ghihqgdqw lv frqylfwhg ru dq lqqrfhqw ghihqgdqw
lv dftxlwwhg wkhq hdfk mxuru*v sd|r� lv }hur1 Li dq lqqrfhqw ghihqgdqw lv frq0
ylfwhg wkhq wkh mxuruv* sd|r� lv �^ zkhuhdv li d jxlow| ghihqgdqw lv dftxlwwhg
wkhq wkh mxuru*v sd|r� lv �E� � ^�� Wkh sdudphwhu ^ h{dfwo| fkdudfwhul}hv
zkdw frqvwlwxwhv uhdvrqdeoh grxew iru wkh mxuruv1 D mxuru zkr eholhyhv wkh
ghihqgdqw lv jxlow| zlwk suredelolw| kljkhu wkdq ^ zloo suhihu wkh ghihqgdqw
wr eh frqylfwhg1 Wkh odujhu wkh ydoxh ri ^ wkh ohvv frqfhuq mxuruv kdyh iru
dftxlwwlqj d jxlow| ghihqgdqw uhodwlyh wr frqylfwlqj dq lqqrfhqw1 Zh dvvxph
wkdw mxuruv hpsor| wkh vdph vwdqgdug ri uhdvrqdeoh grxew/ l1h1/ ^ lv lghqwlfdo
iru doo mxuruv1 Wklv dvvxpswlrq lv pdgh sxuho| iru whfkqlfdo frqyhqlhqfh1 Rxu

;Wkh suredelolw| dq lqqrfhqw ghihqgdqw lv frqylfwhg xqghu xqdqlplw| uxoh jlyhq vlqfhuh
yrwlqj lv +4�s,q1 Lw lv hdv| wr vhh wkdw wklv suredelolw| lv vpdoohu wkdq
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wkh suredelolw| ri frqylfwlqj dq lqqrfhqw ghihqgdqw xqghu dq| uxoh wkdw uhtxluhv rqo| n
rxw ri q yrwhv wr frqylfw1 Wkh suredelolw| ri dftxlwwlqj d jxlow| ghihqgdqw lv vwulfwo|
kljkhu xqghu xqdqlplw| uxoh1 Wklv suredelolw| lv 4 � sq zklfk lv vwulfwo| odujhu wkdq wkh
suredelolw|
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+4 � s,q�msm xvlqj dq| rwkhu uxoh1

7



uhvxowv jhqhudol}h wr wkh fdvh lq zklfk mxuruv suhihuhqfhv duh uhsuhvhqwhg e|
gl�huhqw ydoxhv ri ^1<

Hdfk mxuru pxvw yrwh hlwkhu wr frqylfw E�� ru dftxlw E��� Jlyhq wkh yrwlqj
uxoh 	&c d mxuru*v ehkdylru fdq eh ghvfulehg e| d vwudwhj|/ j G i}c �j $ dfc�oc
wkdw pdsv wkh vhw ri vljqdov lqwr d suredelolw| ri yrwlqj wr frqylfw/ jEr�1

Ohw qE&c ?� ghqrwh wkh srvwhulru suredelolw| wkdw wkh ghihqgdqw lv jxlow|
frqglwlrqdo rq & ri ? jxlow| vljqdov +dqg/ wkhuhiruh/ ?� & vljqdov �,G

qE&c?� '
R&E� � R�?3&

R&E� � R�?3& n E� � R�&R?3&

Li qE&c?� : ^ wkhq/ jlyhq doo wkh lqirupdwlrq dydlodeoh wr wkh mxu|/ wkh ghihq0
gdqw lv jxlow| eh|rqg d uhdvrqdeoh grxew1 Wkhuhiruh/ wkh rswlpdo rxwfrph
iurp wkh mxuruv* srlqw ri ylhz lv wr frqylfw1 Vlploduo|/ li qE&c ?� 	 ^ wkhq wkh
rswlpdo rxwfrph iru wkh mxuruv lv wr dftxlw1 Zh dvvxph wkdw wkhuh lv d &W

zlwk ? � &W � � vxfk wkdw

qE&W � �c ?� 	 ^ 	 qE&Wc ?��

Wklv dvvxpswlrq lpsolhv wkdw li wkh mxuruv nqrz wkdw doo uhfhlyhg wkh jxlow|
vljqdo wkhq wkh| dozd|v zdqw wr frqylfw wkh ghihqgdqw1 Rq wkh rwkhu kdqg/ li
wkh mxuruv eholhyh wkdw hyhu|rqh kdv uhfhlyhg dq lqqrfhqw vljqdo wkh| dozd|v
zdqw wr dftxlw1

Dv kdv ehhq vkrzq lq wkh olwhudwxuh flwhg deryh/ mxuruv pd| kdyh dq
lqfhqwlyh wr ehkdyh vwudwhjlfdoo|1 Wkhuhiruh/ wkh qdwxudo ehqfkpdun wr xvh
zkhq hydoxdwlqj wkh shuirupdqfh ri ydulrxv yrwlqj uxohv lv Qdvk htxloleulxp1
Zh gh�qh d yrwlqj htxloleulxp dv d v|pphwulf Qdvk htxloleulxp143

Xqghu dq| yrwlqj uxoh wkhuh lv d yrwlqj htxloleulxp lq zklfk doo mxuruv
yrwh wkh vdph zd| lqghshqghqw ri wkhlu vljqdo1 Vlqfh qr mxuru fdq lq xhqfh
wkh rxwfrph wklv lv dozd|v dq htxloleulxp144 Lq wkh iroorzlqj zh zloo ljqruh

<Vhh Ihgghuvhq dqg Shvhqgruihu +4<<7/ 4<<9d dqg e, iru h{dpsohv ri vwudwhjlf yrwlqj
xqghu suhihuhqfh glyhuvlw|1

43D v|pphwulf vwudwhj| sur�oh lv rqh lq zklfk doo mxuruv zkr uhfhlyh wkh vdph vljqdo
wdnh wkh vdph +srvvleo| pl{hg, dfwlrq1

44Hyhq zkhq wkh xqdqlplw| uxoh lv xvhg wkh sur�oh lq zklfk doo mxuruv yrwh wr dftxlw
uhjdugohvv ri wkhlu vljqdo lv d yrwlqj htxloleulxp1 Uxolqj rxw zhdno| grplqdwhg vwudwhjlhv
grhv qrw holplqdwh wklv htxloleulxp1 Wklv htxloleulxp lv hyhq wuhpeolqj kdqg shuihfw li
s ? t= Qrwh wkdw lq wklv fdvh d vlqjoh mxuru/ li kh lv slyrwdo/ dqg li kh kdv qr lqirupdwlrq
derxw wkh rwkhu mxuruv* vljqdov zrxog yrwh wr dftxlw1 Rq wkh rwkhu kdqg/ li s A t> wkhq wkh
htxloleulxp zkhuh doo mxuruv dozd|v yrwh wr dftxlw lv qrw wuhpeolqj kdqg shuihfw1
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vxfk htxloleuld dqg lqvwhdg irfxv rq yrwlqj htxloleuld zkhuh mxuruv vrphwlphv
fkdqjh wkhlu yrwh dv d ixqfwlrq ri wkhlu sulydwh lqirupdwlrq1 Zh fdoo vxfk
htxloleuld uhvsrqvlyh1

514 Xqdqlplw|

Lq wklv vhfwlrq zh h{dplqh yrwlqj htxloleuld xqghu wkh xqdqlplw| uxoh/ l1h1/
	& ' ?�

Iluvw frqvlghu wkh fdvh zkhuh &W ' ?� Wkxv qE?� �c ?� � ^ dqg qE?c ?� :
^1 Lq wklv fdvh vlqfhuh yrwlqj lv d yrwlqj htxloleulxp xqghu xqdqlplw| uxoh1 Wr
vhh wklv vxssrvh wkdw doo mxuruv yrwh wr frqylfw li dqg rqo| li wkh| uhfhlyh wkh
vljqdo }� Li d mxuru lv slyrwdo dqg uhfhlyhv wkh vljqdo � wkhq kh nqrzv wkdw ?��
ri ? mxuruv uhfhlyhg wkh vljqdo }� Wkhuhiruh/ kh eholhyhv wkdw wkh ghihqgdqw lv
jxlow| zlwk suredelolw| qE?� �c ?� � ^c l1h1/ qrw jxlow| eh|rqg d uhdvrqdeoh
grxew/ dqg khqfh kh +zhdno|, suhihuv wkdw wkh ghihqgdqw lv dftxlwwhg1 Wkxv
d yrwh � lv rswlpdo1 Frqyhuvho|/ li wkh mxuru uhfhlyhv wkh vljqdo } wkhq kh
eholhyhv wkdw wkh ghihqgdqw lv jxlow| zlwk suredelolw| qE?c ?� : ^ dqg khqfh kh
suhihuv wkdw wkh ghihqgdqw lv frqylfwhg1 Wkxv li wkh suhihuhqfhv ri wkh mxuruv
duh vxfk wkdw wkhlu wkuhvkrog ^ lv odujhu wkdq qE?� �c ?� wkhq wkh vwdqgdug
lqwxlwlrq lv fruuhfw dqg wkh xqdqlplw| uxoh plqlpl}hv wkh suredelolw| wkdw dq
lqqrfhqw ghihqgdqw lv frqylfwhg1

Lq wkh iroorzlqj zh zloo irfxv rq wkh fdvh zkhuh

qE?� �c ?� : ^� +4,

Wklv dvvxpswlrq vd|v wkdw li d mxuru frxog revhuyh doo wkh vljqdov dqg li ?��
ri wkh ? vljqdov duh }c wkh mxuru suhihuv wr frqylfw wkh ghihqgdqw1 Zh eholhyh
wkdw wklv lv d zhdn dvvxpswlrq zklfk lv vdwlv�hg lq d odujh iudfwlrq ri mxulhv1
Ixuwkhupruh/ iru dq| �{hg ^ wkhuh lv dq 7? vxfk wkdw +4, lv wuxh iru dq| ? : 7?145

Vxssrvh wkdw +4, lv vdwlv�hg dqg d mxuru eholhyhv wkdw wkh rwkhu mxuruv duh
yrwlqj vlqfhuho|1 Krz vkrxog vxfk d mxuru yrwhB Uhfhqw sdshuv e| Ihgghu0
vhq dqg Shvhqgruihu +4<<7/4<<9d, dqg Dxvwhq0Vplwk dqg Edqnv +4<<9, kdyh
ghprqvwudwhg wkdw d udwlrqdo mxuru zloo frqglwlrq khu yrwh qrw rqo| rq khu
sulydwh lqirupdwlrq exw dovr rq zkdw vkh eholhyhv rwkhuv pxvw nqrz lq wkh
hyhqw khu yrwh lv slyrwdo1 Xqghu xqdqlplw| uxoh d yrwh lv slyrwdo rqo| zkhq

45Wr vhh wklv revhuyh wkdw �+q � 4> q, @ sq�4+4�s,
sq�4+4�s,.+4�s,q�4s

@ 4

4.+4�s
s
,q�4s

dqg/ vlqfh

s A 4@5 lw iroorzv wkdw olpq$4 �+q� 4> q, @ 4=

9



doo wkh rwkhu mxuruv kdyh yrwhg wr frqylfw1 D mxuru zkr uhfhlyhv dq lqqrfhqw
vljqdo dqg eholhyhv wkdw wkh rwkhu mxuruv duh yrwlqj vlqfhuho| pxvw eholhyh
wkdw wkh suredelolw| wkh ghihqgdqw lv jxlow| lv h{dfwo| qE?� �c ?�� Exw vlqfh
qE?��c ?� : ^ vxfk d mxuru zloo ljqruh khu sulydwh vljqdo dqg yrwh wr frqylfw1
Wkhuhiruh/ li +4, krogv vlqfhuh yrwlqj fdqqrw eh d Qdvk htxloleulxp1

Jlyhq wkdw vlqfhuh yrwlqj lv qrw dq htxloleulxp/ dq| uhvsrqvlyh yrwlqj
htxloleulxp pxvw eh lq pl{hg vwudwhjlhv1 Pruh suhflvho|/ hdfk mxuru pxvw
erwk yrwh wr frqylfw dqg yrwh wr dftxlw zlwk srvlwlyh suredelolw| zkhqhyhu
vkh uhfhlyhv d vljqdo �1 Zkhq wkh mxuru uhfhlyhv wkh vljqdo } vkh yrwhv wr
frqylfw zlwk suredelolw| ��46

Zh gh�qh vxfk d uhvsrqvlyh yrwlqj htxloleulxp e| wkh suredelolw| wkdw d
mxuru zlwk vljqdo � yrwhv wr frqylfw/ l1h1/ j� 5 Efc��� Jlyhq j�c wkh suredelolw|
wkdw d mxuru yrwhv wr frqylfw li wkh ghihqgdqw lv jxlow| lv jlyhq e|

}C ' R n E� � R�j�

zkhuhdv wkh suredelolw| wkdw d mxuru yrwhv wr frqylfw li wkh ghihqgdqw lv
lqqrfhqw lv jlyhq e|

}U ' E� � R� n Rj��

Iru d pl{hg vwudwhj| sur�oh wr eh dq htxloleulxp/ d mxuru zkr uhfhlyhv
dq lqqrfhqw vljqdo pxvw eh lqgl�huhqw ehwzhhq yrwlqj wr dftxlw dqg yrwlqj
wr frqylfw1 Wklv rffxuv zkhq/ frqglwlrqdo rq ?� � rwkhuv yrwlqj jxlow| dqg
wkh mxuru uhfhlylqj vljqdo �/ wkh suredelolw| wkdw wkh ghihqgdqw lv jxlow| lv
h{dfwo| htxdo wr ^� E| Ed|hv* odz zh jhw wkh iroorzlqj htxloleulxp frqglwlrq
iru xqdqlplw| uxoh

E� � R�E}C�?3�

E� � R�E}C�?3� n RE}U �?3�
' ^� +5,

Wkhuhiruh/ zh kdyh wkdw

46Lw lv vwudljkwiruzdug wr yhuli| wkdw wkhuh duh qr pl{hg vwudwhj| htxloleuld lq zklfk
mxuruv zkr jhw wkh vljqdo j yrwh zlwk srvlwlyh suredelolw| wr dftxlw1 Lq rughu wr vxssruw
vxfk d pl{hg vwudwhj| htxloleulxp lw lv qhfhvvdu| wkdw wkrvh zkr uhfhlyh d jxlow| vljqdo duh
lqgl�huhqw ehwzhhq frqylfwlqj dqg dftxlwwlqj jlyhq wkhlu yrwh lv slyrwdo1 Lq vxfk d fdvh
wkrvh zkr uhfhlyh dq lqqrfhqw vljqdo vwulfwo| suhihu wr dftxlw1 Exw wkhq wkh rqo| mxuruv
zkr yrwh wr frqylfw duh wkrvh zkr uhfhlyh wkh jxlow| vljqdo1 Xqghu xqdqlplw| d yrwh lv rqo|
slyrwdo zkhq doo rwkhuv yrwh jxlow|1 Wkxv/ vxfk d vwudwhj| sur�oh lv qrw d Qdvk htxloleulxp
e| wkh vdph dujxphqw dv zdv xvhg wr vkrz vlqfhuh yrwlqj lv qrw dq htxloleulxp1

:



j� '

�
E�3^�E�3R�

^R

� �
?3� R� E� � R�

R�
�
E�3^�E�3R�

^R

� �
?3� E� � R�

+6,

Vlqfh j� lv d pl{hg vwudwhj| lw pxvw eh wkdw j� � ��H{dplqlqj htxdwlrq
+6, zh vhh wkdw wklv lv vdwlv�hg dv orqj dv ^ � � � R1 Li ^ 	 � � R wkhq wkhuh
grhv qrw h{lvw d uhvsrqvlyh yrwlqj htxloleulxp1 Lqvwhdg/ li ^ 	 � � R wkh
yrwlqj htxloleulxp lv

j� ' �� +7,

Wkxv/ li ^ 	 � � R wkhq mxuruv yrwh wr frqylfw lqghshqghqw ri wkh vljqdo147

Wr vhh zk| wklv lv wkh htxloleulxp qrwh wkdw lq wklv htxloleulxp wkh idfw
wkdw dqrwkhu mxuru yrwhg wr frqylfw grhv qrw surylgh dq| lqirupdwlrq derxw
wkh jxlow ri wkh ghihqgdqw1 Wkxv/ d mxuru zkr uhfhlyhv wkh vljqdo � eholhyhv
wkdw wkh ghihqgdqw lv jxlow| zlwk suredelolw| � � R frqglwlrqdo rq klv yrwh
ehlqj slyrwdo� Vlqfh wkh mxuru idyruv frqylfwlrq ri wkh ghihqgdqw li kh lv jxlow|
zlwk suredelolw| � � R : ^c lw iroorzv wkdw j� ' � lq wklv fdvh1

Wr xqghuvwdqg zk| wkhuh fdqqrw eh d uhvsrqvlyh htxloleulxp lq wklv fdvh
qrwh wkdw +lq htxloleulxp, d jxlow| yrwh ri vrph rwkhu mxuru fdq qhyhu eh
lqirupdwlrq lq idyru ri wkh lqqrfhqfh ri wkh ghihqgdqw1 Khqfh/ frqglwlrqdo
rq klv yrwh ehlqj slyrwdo/ hdfk mxuru pxvw eholhyh wkh ghihqgdqw wr eh jxlow|
zlwk suredelolw| dw ohdvw �� R li kh uhfhlyhv wkh vljqdo � dqg khqfh hdfk mxuru
pxvw yrwh wr frqylfw hyhq li kh uhfhlyhv wkh vljqdo ��

Qrz/ lw lv idluo| vwudljkwiruzdug wr frpsxwh wkh suredelolw| ri pdnlqj
hdfk w|sh ri huuru lq htxloleulxp1 Zkhq ^ � � � R wkh suredelolw| wkdw dq
lqqrfhqw ghihqgdqw lv frqylfwhg lv jlyhq e|=

,UERc ^c?� ' E}U �
? '

3
EEC E2R� ��

�
E�3^�E�3R�

^R

� �
?3�

R� E� � R�
�
E�3^�E�3R�

^R

� �
?3�

4
FFD

?

dqg wkh suredelolw| ri dftxlwwlqj d jxlow| ghihqgdqw lv=

,CERc ^c?� ' � � E}C�
? ' � �

3
EEC E2R� ��

R� E� � R�
�
E�3^�E�3R�

^R

� �
?3�

4
FFD

?

47Dv zh dujxhg deryh wkhuh lv dqrwkhu +qrq0uhvsrqvlyh, v|pphwulf Qdvk htxloleulxp lq
zklfk doo mxuruv yrwh wr dtxlw lqghshqghqw ri wkhlu vljqdo1 Krzhyhu/ iru t ? 4� s ? s wklv
htxloleulxp lv qrw wuhpeolqj kdqg shuihfw1 Lq frqwudvw/ wkh htxloleulxp lq zklfk doo mxuruv
yrwh wr frqylfw lqghshqghqw ri wkhlu vljqdo lv wuhpeolqj kdqg shuihfw iru t ? 4� s=

;



Zkhq ^ 	 � � R wkhq doo ghihqgdqwv duh frqylfwhg dqg khqfh wkh sure0
delolw| ri frqylfwlqj dq lqqrfhqw ghihqgdqw lv rqh dqg wkh suredelolw| ri
dftxlwwlqj d jxlow| ghihqgdqw lv }hur1

Zh vxppdul}h rxu �qglqjv lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 4 Li ^ � � � R wkh xqltxh uhvsrqvlyh yrwlqj htxloleulxp iru
xqdqlplw| uxoh lv jlyhq e| +6,� Pruhryhu/ j� $ � dv ?$4 dqg

*�4
?<"

,U ERc ^c ?� '

#
E� � ^�E� � R�

^R

$ R

2R3�

*�4
?<"

,CERc ^c ?� ' � �

#
E� � ^�E� � R�

^R

$ �3R
2R3�

Li ^ 	 � � R wkhq wkhuh lv d yrwlqj htxloleulxp jlyhq e| +7, dqg ,U ERc ^c?� '
�c ,CERc ^c?� ' f�

Surri1 Zh ghprqvwudwhg lq wkh wh{w deryh wkdw wkh xqltxh uhvsrqvlyh yrwlqj
htxloleulxp xqghu xqdqlplw| uxoh lv jlyhq e| +6,1 Lq dsshqgl{ D zh vkrz
wkdw

*�4
?<"

,UERc ^c?� ' *�4
?<"

3
EEC E2R � ��

�
E�3^�E�3R�

^R

� �
?3�

R� E� � R�
�
E�3^�E�3R�

^R

� �
?3�

4
FFD

?

'

#
E� � ^�E� � R�

^R

$ R

2R3�

�

Wkh surri wkdw *�4?<" ,CERc ^c ?� ' � �
�
E�3^�E�3R�

^R

� �3R
2R3� lv dqdorjrxv1

Wkh uhvxowv lq Sursrvlwlrq 4 suhvhqw d vwdun frqwudvw wr wkh uhvxowv xqghu
vlqfhuh yrwlqj1 Lq d yrwlqj htxloleulxp wkh suredelolw| ri frqylfwlqj dq lqqr0
fhqw ghihqgdqw/ ,UERc ^c ?�c vwd|v erxqghg dzd| iurp }hur iru doo ?1 Vlploduo|/
wkh suredelolw| ri dftxlwwlqj d jxlow| ghihqgdqw dovr vwd|v erxqghg dzd| iurp
}hur1 Lq wkh hyhqw wkdw ^ 	 � � R doo ghihqgdqwv duh frqylfwhg uhjdugohvv ri
wkh suredelolw| ri wkhlu jxlow ru lqqrfhqfh1 Wklv lv wuxh lqghshqghqw ri wkh
vl}h ri wkh mxu|1

Sursrvlwlrq 4 dovr lpsolhv wkdw wkh suredelolw| wkdw d jxlow| ghihqgdqw lv
frqylfwhg +��,C� lv erxqghg dzd| iurp }hur iru doo ?� Wklv lv djdlq lq frqwudvw
wr wkh fdvh ri vlqfhuh yrwlqj zkhuh wkh suredelolw| ri frqylfwlrq frqyhujhv wr
}hur dv ?$ f lqghshqghqw ri zkhwkhu wkh ghihqgdqw lv jxlow| ru lqqrfhqw148

48Qrwh krzhyhu/ wkdw xqghu vlqfhuh yrwlqj wkh suredelolw| ri frqylfwlqj dq lqqrfhqw
ghihqgdqw frqglwlrqdo rq d frqylfwlrq frqyhujhv wr }hur1 Dv Sursrvlwlrq 4 vkrzv wklv lv
qrw wkh fdvh iru yrwlqj htxloleuld1

<



Wkxv/ d vhfrqg lpsolfdwlrq ri vwudwhjlf yrwlqj lv wkdw wkh suredelolw| ri d
jxlow| yhuglfw lv pxfk odujhu wkdq xqghu vlqfhuh yrwlqj1

Wr surylgh dq lqwxlwlrq iru Sursrvlwlrq 4 �uvw revhuyh wkdw Htxdwlrq +6,
lpsolhv wkdw j� $ � dv ? $ 4� Dv d frqvhtxhqfh }C +wkh suredelolw| wkdw
d mxuru yrwhv wr frqylfw li wkh ghihqgdqw lv jxlow|, dqg }U +wkh suredelolw|
wkdw d mxuru yrwhv wr frqylfw li wkh ghihqgdqw lv lqqrfhqw, erwk frqyhujh
wr rqh1 Wklv lv qrw hqrxjk wr vkrz wkdw wkh suredelolw| ri frqylfwlqj dq
lqqrfhqw ghihqgdqw/ E}U �?c vwd|v erxqghg dzd| iurp }hur1 Lq Dsshqgl{ D zh
ghprqvwudwh wkdw iru odujh ?c }U fdq eh dssur{lpdwhg e|

� n
�

?� �

#
R

2R� �
*? s

$

zkhuh s ' E�3^�E�3R�
^R

dqg khqfh E}U �
?frqyhujhv wr s

R

2R3� zklfk lv wkh erxqg

jlyhq lq Sursrvlwlrq 4149

Wkh frqyhujhqfh wr wkh erxqgv jlyhq lq Sursrvlwlrq 4 lv idvw dqg khqfh
wkh olplw irupxod doorzv xv wr dssur{lpdwh wkh suredelolwlhv ri hdfk nlqg ri
huuru hyhq iru vpdoo mxulhv1 Iljxuh 4 looxvwudwhv wkh frqyhujhqfh ri ,U ERc ^c ?�
iru wkh ydoxhv R ' f�.c ^ ' f�D�

n 5040302010

0.22

0.2

0.18

0.16

0.14

Iljxuh 4

Iljxuh 4 lv txlwh vwduwolqj iru vhyhudo uhdvrqv1 Iluvw/ wkh olplw suredelolw|
ri frqylfwlqj dq lqqrfhqw ghihqgdqw lv txlwh odujh dw 22I1 Vhfrqg/ zkhq wkhuh
duh rqo| 45 mxuruv wkh suredelolw| ri frqylfwlqj dq lqqrfhqw lv 2�I1 Wkhuh
lv rqo| d �I gl�huhqfh ehwzhhq wkh suredelolw| ri frqylfwlqj dq lqqrfhqw
ghihqgdqw zlwk d mxu| vl}h ri ? � �2 dqg wkh olplw suredelolw|1 Wklug/ wkh

49Uhfdoo wkdw h{ @ olpq$4+4 . {
q
,q1
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suredelolw| ri frqylfwlqj dq lqqrfhqw ghihqgdqw lv lqfuhdvlqj lq wkh vl}h ri
wkh mxu|1

Iljxuh 5 vkrzv wkh suredelolw| ri dftxlwwlqj d jxlow| ghihqgdqw iru wkh
ydoxhv R ' f�.c ^ ' f�D�

n 50403020100

0.54

0.52

0.5

0.48

0.46

Iljxuh 51

Wkh olplw suredelolw| ri dftxlwwlqj d jxlow| ghihqgdqw lv e.I1 Rqfh djdlq
wkh olplw suredelolw| lv d yhu| jrrg hvwlpdwh ri wkh dfwxdo suredelolw| ri wklv
w|sh ri plvwdnh hyhq iru vpdoo mxulhv1 Qrwh wkdw wkh suredelolw| ri dftxlwwlqj
d jxlow| ghihqgdqw lv dfwxdoo| ghfuhdvlqj lq wkh vl}h ri wkh mxu|1

Wkh dvvxpswlrq wkdw ^ ' �D lq wkh deryh h{dpsohv pd| vhhp xquhdvrq0
deoh1 Lw lpsolhv wkdw mxuruv duh yhu| zloolqj wr frqylfw1 Lqghhg/ wkh| duh
zloolqj wr frqylfw li wkh| eholhyh wkh ghihqgdqw lv pruh olnho| jxlow| wkdq
lqqrfhqw1 Zh fhuwdlqo| krsh wkdw mxuruv zrxog kdyh d kljkhu wkuhvkrog ri
uhdvrqdeoh grxew wkdq ^ ' �Dc krzhyhu/ wkh udwlrqdoh iru wkh xqdqlplw| uxoh
lv wr surwhfw lqqrfhqw ghihqgdqwv iurp vxfk xquhdvrqdeoh mxulhv1

Iljxuh 6 vkrzv wkh olplw huuruv ,U ERc ^� ' *�4?<" ,UERc ^c?� dqg ,CERc ^� '
*�4?<" ,CERc ^c ?� iru wkh ydoxh R ' f�. dv d ixqfwlrq ri ^�
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q 10.90.80.70.60.50.40.3

1

0.8

0.6

0.4

0.2

0

Iljxuh 6

Iljxuh 6 ghprqvwudwhv wkdw iru odujh mxulhv wkh suredelolw| ri frqylfwlqj
dq lqqrfhqw lv ghfuhdvlqj lq ^ zkloh wkh suredelolw| ri dftxlwwlqj d jxlow|
ghihqgdqw lv lqfuhdvlqj lq ^1 Wkxv/ wkh xqdqlplw| uxoh grhv d srru mre lq
surwhfwlqj lqqrfhqw ghihqgdqwv iurp xquhdvrqdeoh mxulhv1 Zkloh/ li wkh mxu|
lv uhvsrqvleoh +h1j1/ ^ ' �b,/ wkh lqqrfhqw ghihqgdqw lv surwhfwhg dw wkh frvw ri
d kljk suredelolw| ri dftxlwwlqj wkh jxlow|1 Lq wkh qh{w vhfwlrq zh vkrz wkdw
xqdqlplw| uxoh lv d xqltxho| edg yrwlqj uxoh lq whupv ri wkh suredelolwlhv ri
erwk nlqgv ri huuruv lw lqgxfhv1

515 Qrq0xqdqlprxv uxohv

Wr frpsduh wkh xqdqlplw| uxoh wr rwkhu yrwlqj uxohv zh pxvw frpsxwh wkh
yrwlqj htxloleulxp iru jhqhudo uxohv 	&� Lq Dsshqgl{ E zh frpsxwh wkh uh0
vsrqvlyh yrwlqj htxloleulxp iru doo ?c 	&� Wklv doorzv xv wr frpsxwh wkh sured0
elolwlhv ri frqylfwlqj dq lqqrfhqw ghihqgdqw/ ,U ERc ^c ?c 	&�c dqg wkh suredelolw|
ri dftxlwwlqj d jxlow| ghihqgdqw/ ,CERc ^c?c 	&� dv d ixqfwlrq ri wkh uxoh 	&�

Zh xvh wkhvh uhvxowv wr lqyhvwljdwh d sduwlfxodu fodvv ri uxohv= Frqvlghu
wkh uxoh zklfk uhtxluhv 	& ' k? yrwhv wr frqylfw zkhuh f 	 k 	 �� +Lq wkh
iroorzlqj zh dozd|v dvvxph wkdw k? lv dq lqwhjhu1, Wkxv/ lw wdnhv dq k
iudfwlrq ri mxuruv wr frqylfw wkh ghihqgdqw1 Iru d �{hg k frqvlghu d vhtxhqfh
ri yrwlqj htxloleuld fruuhvsrqglqj wr dq lqfuhdvlqj mxu|1 Lq wkh iroorzlqj
sursrvlwlrq zh vkrz wkdw dv ?$4 wkh suredelolw| ri pdnlqj hlwkhu ri wkh
wzr nlqgv ri huuru frqyhujhv wr }hur1

Sursrvlwlrq 5 Il{ dq| k zlwk f 	 k 	 �� +4, Wkhuh lv d ?� vxfk wkdw
iru ? : ?� wkhuh lv d uhvsrqvlyh yrwlqj htxloleulxp1 +5, Iru dq| vhtxhqfh
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ri uhvsrqvlyh yrwlqj htxloleuld wkh suredelolw| ri frqylfwlqj dq lqqrfhqw gh0
ihqgdqw/ ,U ERc ^c?c k?�c dqg wkh suredelolw| ri dftxlwwlqj d jxlow| ghihqgdqw/
,CERc ^c ?ck?� erwk frqyhujh wr }hur1

Surri1 Vhh Dsshqgl{ E1
Sursrvlwlrq 5 krogv lq pxfk pruh jhqhudo hqylurqphqwv1 Ihgghuvhq dqg

Shvhqgruihu +4<<7, suryh wkh dqdorjrxv uhvxow iru dq hqylurqphqw wkdw lq0
foxghv suhihuhqfh glyhuvlw| dqg d pxfk eurdghu udqjh ri lqirupdwlrq hqyl0
urqphqwv1 P|huvrq +4<<8, suryhv d vlplodu uhvxow iru wkh fdvh ri vlpsoh
pdmrulw| uxoh1

Sursrvlwlrq 5 vkrzv wkdw iru dq| k 5 Efc�� wkh suredelolw| ri frqylfwlqj
dq lqqrfhqw ghihqgdqw frqyhujhv wr }hur dqg wkh suredelolw| ri dftxlwwlqj d
jxlow| ghihqgdqw frqyhujhv wr }hur iru odujh mxulhv1 Wklv lv lq vkdus frqwudvw
wr wkh uhvxow ri Sursrvlwlrq 4 zkhuh lw zdv vkrzq wkdw erwk w|shv ri plvwdnhv
vwd| erxqghg dzd| iurp }hur iru wkh xqdqlplw| uxoh1 Zkdw dffrxqwv iru wklv
gl�huhqfhB

Dv zh qrwhg deryh/ xqghu wkh xqdqlplw| uxoh wkh suredelolw| wkdw d mxuru
yrwhv wr frqylfw frqyhujhv wr rqh lqghshqghqw ri wkh vljqdo1 Wklv fdq qhyhu
kdsshq iru wkh uxohv frqvlghuhg lq Sursrvlwlrq 51 Frqvlghu d sur�oh zlwk
j} ' � dqg vxssrvh j� $ �� Li d mxuru lv slyrwdo lw pxvw eh wkdw dq k�iudfwlrq
ri wkh uhpdlqlqj mxuruv kdyh yrwhg wr dftxlw1 D yrwh wr dftxlw rffxuv zlwk
suredelolw| RE� � j�� li wkh ghihqgdqw lv lqqrfhqw dqg zlwk suredelolw| E� �
R�E� � j�� li wkh ghihqgdqw lv jxlow|1 Li j� lv forvh wr rqh lw lv yhu| xqolnho|
wkdw dq k�iudfwlrq mxuruv yrwhv wr dftxlw erwk zkhq wkh ghihqgdqw lv jxlow|
dqg zkhq wkh ghihqgdqw lv lqqrfhqw1 Krzhyhu/ iru odujh ?/ vlqfh RE�3j��

E�3R�E�3j ��
'

R

E�3R�
: � lw lv pxfk pruh olnho| wkdw dq k�iudfwlrq ri mxuruv yrwhg wr dftxlw

li wkh ghihqgdqw lv lqqrfhqw wkdq li wkh ghihqgdqw lv jxlow|14: Iru odujh ? wkh
mxuru pxvw wkhuhiruh frqfoxgh wkdw ehlqj slyrwdo lpsolhv wkdw wkh ghihqgdqw
lv lqqrfhqw zlwk suredelolw| duelwudulo| forvh wr rqh1 Vlqfh ^ 	 � wkh mxuru
wkhuhiruh kdv d vwulfw suhihuhqfh iru yrwlqj wr dftxlw1 Khqfh j� pxvw eh }hur
dqg zh kdyh d frqwudglfwlrq wr j� $ �� Wkxv zh kdyh ghprqvwudwhg wkdw j�

pxvw vwd| erxqghg dzd| iurp rqh1 +Dq dqdorjrxv dujxphqw vkrzv wkdw j}

pxvw vwd| erxqghg dzd| iurp }hur1, Dv d frqvhtxhqfh/ hyhq lq wkh olplw dv
? $ 4/ d mxuru lv pruh olnho| wr yrwh wr frqylfw li wkh ghihqgdqw lv jxlow|
wkdq li wkh ghihqgdqw lv lqqrfhqw1 Lq wkh dsshqgl{ zh ghprqvwudwh wkdw wkh

4:Wkh udwlr ri wkhvh wzr frqglwlrqdo suredelolwlhv lv dssur{lpdwho|
�

s
4�s

��q
zklfk frq0

yhujhv wr lq�qlw| dv q$4=
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h{shfwhg iudfwlrq ri jxlow| yrwhv pxvw eh vpdoohu wkdq k li wkh ghihqgdqw lv
lqqrfhqw dqg odujhu wkdq k li wkh ghihqgdqw lv jxlow|1 Wklv lpsolhv wkdw erwk
,U dqg ,C frqyhujh wr }hur vlqfh iru odujh ? wkh dfwxdo iudfwlrq ri jxlow| yrwhv
frqyhujhv lq suredelolw| wr wkh h{shfwhg iudfwlrq ri jxlow| yrwhv14;

Sursrvlwlrqv 4 dqg 5 lpso| wkdw wkh xqdqlplw| uxoh lv xqltxho| edg iru
odujh mxulhv1 D vhfrqg frqfoxvlrq wkdw fdq eh gudzq iurp Sursrvlwlrq 5
lv wkdw xqghu qrq0xqdqlprxv uxohv wkh vl}h ri d mxu| lv pruh lpsruwdqw lq
ghwhuplqlqj wkh suredelolw| ri pdnlqj d plvwdnh lq wkh yhuglfw wkdq wkh
yrwlqj uxoh1 Wkhuhiruh/ li wkh suredelolw| dq lqqrfhqw ghihqgdqw lv frqylfwhg
lv frqvlghuhg wr eh wrr odujh/ wkhq wkh qdwxudo uhphg| lv wr �{ d uxoh/ vd|
526 pdmrulw|/ dqg wkhq lqfuhdvh wkh vl}h ri wkh mxu| wr wkh dssursuldwh ohyho1

Lq wkh qh{w vhfwlrq zh surylgh h{dpsohv zklfk lqglfdwh wkdw frqyhujhqfh
lv idvw dqg khqfh rxu olplw uhvxowv duh lqghhg uhohydqw iru uhodwlyho| vpdoo
mxulhv1

516 H{dpsoh

Lq wkh iroorzlqj zh frqvlghu 45 shuvrq mxu|1 Zh vhw wkh sdudphwhu iru uhd0
vrqdeoh grxew dw ^ ' f�bfc l1h1/ mxuruv qhhg wr eholhyh wkdw wkh ghihqgdqw lv
jxlow| zlwk suredelolw| f�b lq rughu wr frqylfw1 Zh dvvxph wkdw R ' f�H/ l1h1/
wkh suredelolw| ri uhfhlylqj d jxlow| vljqdo li wkh ghihqgdqw lv jxlow| lv f�H1

Wkh suredelolw| ri frqylfwlqj dq lqqrfhqw ghihqgdqw/ ,UE	&�c lv jlyhq e|

,UE	&� '
?[

�'	&

#
?

�

$ �
}UE	&�

��
E� � }UE&��

?3�

zkhuh
}U E	&� ' E� � R�j}E	&� n Rj�E	&�

lv wkh suredelolw| wkdw dq| mxuru yrwhv iru frqylfwlrq li wkh ghihqgdqw lv lq0
qrfhqw1

Vlploduo|/ wkh suredelolw| ri dftxlwwlqj d jxlow| ghihqgdqw/ ,CE	&�c lv jlyhq
e|

,UE	&� ' � �
?[

�'	&

#
?

�

$ �
}CE	&�

��
E� � }CE&��

?3�

zkhuh
}CE	&� ' Rj}E	&� n E� � R�j�E	&�

4;Wklv lv dq lpphgldwh frqvhtxhqfh ri wkh odz ri odujh qxpehuv1
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Wdeoh 4 jlyhv wkh suredelolw| ri pdnlqj plvwdnhv dv d ixqfwlrq ri wkh uxoh
	& zkhq 	& � . G

	& : ; < 43 44 45

,U 31337 313344 313358 313378 313399 31339<

,C 3134< 31399 31468 31578 3175 31987
j� 3 3132� 3��e� 3�2.. 3�e2� 3� D.D

Wdeoh 4

Dw 	& ' . vlqfhuh yrwlqj lv wkh htxloleulxp1 Wkxv hyhu| mxuru zkr uhfhlyhv
d vljqdo } yrwhv wr frqylfw dqg hyhu| mxuru zkr uhfhlyhv d vljqdo � yrwhv wr
dftxlw11 Iru doo 	& : . wkh mxuruv zkr uhfhlyh wkh vljqdo � pl{ ehwzhhq yrwlqj
wr frqylfw dqg yrwlqj wr dftxlw zkloh wkrvh zkr uhfhlyh vljqdo } dozd|v yrwh
wr frqylfw1

Dv wkh wdeoh vkrzv/ xqdqlplw| kdv wkh odujhvw suredelolw| ri frqylfwlqj dq
lqqrfhqw ghihqgdqw zkhq 	& � .1 Lq dgglwlrq/ doo uxohv 	& � . kdyh wkh surshuw|
wkdw wkh| ohdg wr d orzhu suredelolw| ri dftxlwwlqj d jxlow| ghihqgdqw1

Wkh qh{w wdeoh vkrzv wkh suredelolw| ri pdnlqj dq huuru iru 	& 	 . G

	& 4 5 6 7 8 9

,U 3 31348< 31367 3135: 3134< 31343

,C 4 31:; 3174 3154 313<8 31369
j} 3 313b� 3��fS 3�D�2 3� .fe 3� H.b

Wdeoh 5

Iru 	& � S wkh htxloleulxp vwudwhjlhv duh vxfk wkdw d mxuru zkr uhfhlyhv
wkh vljqdo � dozd|v yrwhv wr dftxlw zkloh d mxuru zkr uhfhlyhv wkh vljqdo }
pl{hv ehwzhhq yrwlqj wr frqylfw dqg yrwlqj wr dftxlw1

Iru 	& ' � wkh ghihqgdqw lv qhyhu frqylfwhg/ l1h1/ ,C ' �� Wr vhh zk| wklv
lv wkh fdvh vxssrvh wkdw qr mxuru hyhu yrwhv wr frqylfw1 Lq wklv fdvh/ hdfk
mxuru lv dozd|v slyrwdo vlqfh rqh jxlow| yrwh lv hqrxjk iru d frqylfwlrq1 Exw
wklv lpsolhv wkdw wkh rqo| lqirupdwlrq wkh mxuru kdv frqglwlrqdo rq klv yrwh
ehlqj slyrwdo lv klv rzq vljqdo1 Frqglwlrqdo rq kdylqj uhfhlyhg vljqdo } wkh
mxuru eholhyhv wkdw wkh ghihqgdqw lv jxlow| zlwk suredelolw| f�H� Vlqfh wkh
uhdvrqdeoh grxew wkuhvkrog lv f�b hdfk mxuru yrwhv wr dftxlw1
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Wkh suredelolw| ri frqylfwlqj dq lqqrfhqw ghihqgdqw uhdfkhv d pd{lpxp
dw 	& ' � zkloh wkh suredelolw| ri dftxlwwlqj d jxlow| ghihqgdqw lv prqrwrq0
lfdoo| ghfuhdvlqj iru 	& � S dqg wkh suredelolw| ri frqylfwlqj dq lqqrfhqw
ghihqgdqw lv }hur dw 	& ' ��4<

Wdnhq wrjhwkhu rxu uhvxowv udlvh vhulrxv txhvwlrqv derxw wkh dssursul0
dwhqhvv ri wkh xqdqlplw| uxoh1 Xqdqlplw| uxoh uhvxowv lq d vwulfwo| srvlwlyh
suredelolw| erwk ri dftxlwwlqj wkh jxlow| dqg frqylfwlqj wkh lqqrfhqw hyhq
lq wkh olplw1 Lqfuhdvlqj wkh vl}h ri wkh mxu| grhv qrw khos/ lw pd| dfwxdoo|
lqfuhdvh wkh suredelolw| ri d plvwdnh1 Xqdqlplw| uxoh lv doprvw qhyhu rswlpdo
iurp wkh shuvshfwlyh ri wkh mxuruv1 Ilqdoo|/ jlyhq hyhq prghvwo| odujh mxulhv
xqdqlplw| uxoh lv xqltxho| lqihulru wr d ydulhw| ri rwkhu uxohv1

6 Frqfoxvlrq

Zh kdyh ghprqvwudwhg wkdw vwudwhjlf ehkdylru gudpdwlfdoo| dowhuv rxu lq0
wxlwlrqv derxw wkh frqvhtxhqfhv ri mxu| yrwlqj uxohv1 Lw lv dssursuldwh wr
frqfoxgh zlwk d qrwh ri fdxwlrq1 Zh uhplqg uhdghuv wkdw rxu uhvxowv gh0
shqg xsrq wkh wzlq dvvxpswlrqv ri sulydwh lqirupdwlrq dqg vwudwhjlf yrwlqj1
Wkh ghjuhh wr zklfk hlwkhu ri wkhvh dvvxpswlrqv fkdudfwhul}hv dfwxdo mxulhv
lv xowlpdwho| dq hpslulfdo txhvwlrq dqg/ wkhuhiruh/ eh|rqg wkh vfrsh ri wklv
sdshu1

Iru h{dpsoh/ frqvlghu dq dowhuqdwlyh prgho lq zklfk mxuruv duh qrw sul0
ydwho| lqiruphg dqg doo wkh lqirupdwlrq lv frpprq nqrzohgjh1 Vxssrvh
ixuwkhu wkdw mxuruv gl�hu lq wkhlu wkuhvkrog iru uhdvrqdeoh grxew1 Lq vxfk d
vhwwlqj/ wkh xqdqlplw| uxoh lpsolhv wkdw wkh mxuru zlwk wkh kljkhvw wkuhvkrog
pxvw eh frqylqfhg1 Dq| rwkhu uxoh zrxog rqo| vhuyh wr orzhu wkh wkuhvkrog
iru frqylfwlrq1 Wkxv/ wkh dvvxpswlrq ri sulydwh lqirupdwlrq lv hvvhqwldo iru
rxu frqfoxvlrqv1

Wkh qrwh ri fdxwlrq lv dssursuldwh ehfdxvh mxu| uhirup lv qrw dq devwudfw
sursrvlwlrq1 Lq Fdoliruqld d jurxs fdoolqj lwvhoi �Flwl}hqv iru d Vdihu Fdol0
iruqld� lv vsrqvrulqj wkh �Sxeolf Vdihw| Surwhfwlrq Dfw ri 4<<9�1 Wklv dfw
zrxog holplqdwh wkh uhtxluhphqw ri xqdqlprxv mxu| yhuglfwv lq doo exw fdslwdo
pxughu fdvhv dqg uhsodfh lw zlwk d uxoh uhtxlulqj rqo| 43 ri 45 mxuruv wr frq0

4<Lq wklv fdvh/ frqglwlrqdo rq d yrwh ehlqj slyrwdo wkh mxuru nqrzv wkdw doo rwkhu mxuruv
kdyh yrwhg wr dftxlw1 Lq htxloleulxp wklv fdq qhyhu eh lqirupdwlrq lq idyru ri wkh jxlow ri
wkh ghihqgdqw1 Li wkh mxuru uhfhlyhv d jxlow| vljqdo kh wkhuhiruh eholhyhv wkh ghihqgdqw wr
eh jxlow| zlwk suredelolw| dw prvw s= Vlqfh s ? t wkh mxuru yrwhv wr dftxlw1
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ylfw153 Wkh mxu| uhirup sursrvdo hqmr|v wkh vxssruw ri wkh fxuuhqw jryhuqru
ri Fdoliruqld/ Shwh Zlovrq/ dv zhoo dv suhvlghqwldo fdqglgdwh Odpdu Doh{dq0
ghu154 Fohduo|/ rxu uhvxowv ohqg vrph vxssruw wr vxfk lqlwldwlyhv1 Rq wkh rwkhu
kdqg/ rxu uhvxowv vxjjhvw wkdw uhwdlqlqj wkh xqdqlplw| uxoh lq fdslwdo fdvhv
lv h{dfwo| wkh zurqj wklqj wr gr1 Suhvxpdeo|/ wkh prwlyh iru uhwdlqlqj xqd0
qlplw| uxoh lq fdslwdo fdvhv lv wr surwhfw djdlqvw wkh whuuleoh frqvhtxhqfhv ri
frqylfwlqj dq lqqrfhqw1 Li rxu prgho lv fruuhfw lw zrxog eh ehwwhu wr frpelqh
d vxshu0pdmrulw| uxoh zlwk d odujhu mxu| iru fdvhv lq zklfk lw lv ghvludeoh wr
uhgxfh wkh suredelolw| ri frqylfwlqj dq lqqrfhqw1

53Wkh Flwl}hqv iru d Vdihu Fdoliruqld fodlp wkdw d �eurdg frdolwlrq ri fulph ylfwlpv/ odz
hqirufhphqw dqg frqfhuqhg flwl}hqv� vxssruw wkh Sxeolf Vdihw| Dfw ri 4<<91 Wkh| dovr
fodlp wkdw lq lqghshqghqw sroo vkrzhg wkdw :4( ri Fdoliruqldqv vxssruw 43=5 mxu| yhuglfwv1
Iurp pdwhuldo grzqordghg iurp wkh lqwhuqhw dw kwws=22wduhq1qv1qhw2fgdd1kwp1

54Vhh Nlqoh| +4<<9, dqg d suhvv uhohdvh e| wkh Doh{dqghu fdpsdljq uhsruwhg dw
wkh SrolwlfvQrz zhe vlwh +kwws=22srolwlfvxvd1frp2 SrolwlfvXVD2fdpsdljq<92fdqglgdwhv2
odpdu2434<od351kwpo1fjl,1
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7 Dsshqgl{ D
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Zh fdq xvh dq lghqwlfdo dujxphqw xvlqj +9, wr hvwdeolvk wkdw

*�4
?<"

E��? � *�4
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2R� �
*? s
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2R3�

�

8 Dsshqgl{ E

Iluvw zh frpsxwh wkh htxloleulxp iru d jhqhudo 	&� Ghqrwh wkh suredelolw| wkdw
d mxuru yrwhv wr frqylfw lq vwdwh U dv

}U ' E� � R� j} n Rj�

dqg wkh suredelolw| wkdw d mxuru yrwhv wr frqylfw lq vwdwh C dv

}C ' Rj} n E� � R�j��

Zkhq � : j� zh pxvw kdyh

�

� n RE}U �
	&3�E�3}U�

?3	&

E�3R�E}C�
	&3�E�3}C�?3

	&

� ^ +:,

zlwk htxdolw| kroglqj li � : j� : f� Vlploduo|/ zkhq j} : f lw pxvw eh wuxh
wkdw

�

� n E�3R�E}U�
	&3�E�3}U �
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?3	&

� ^ +;,

zlwk htxdolw| kroglqj li � : j} : f�
Zh qrz vkrz wkdw � : j} : f lpsolhv j� ' f +dq lghqwlfdo h{huflvh vkrzv

wkdw � : j� : f lpsolhv j} ' ��� Vxssrvh � : j} : f wkhq +;, lpsolhv
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zklfk lpsolhv j� ' f�
Wkxv/ lq dq| uhvsrqvlyh htxloleulxp zh pxvw kdyh hlwkhu j� ' f dqg

j} : f ru j� 	 � dqg j} ' �� Li

E� � R� ER�
	&3� E� � R�?3

	&

R E� � R�
	&3� R?3	& n E� � R�R	&3� E� � R�?3

	&
'
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� n RER�
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� ^ +<,

dqg
ER�

	& E� � R�?3
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E� � R�
	& R?3	& n R	& E� � R�?3

	&
'

�

� n E�3R�ER�
	&3�E�3R�?3

	&

RER�
	&3�E�3R�?3

	&

� ^ +43,

wkhq wkh xqltxh uhvsrqvlyh yrwlqj htxloleulxp lv j� ' f dqg j} ' �� +Uhfdoo
wkdw d yrwlqj htxloleulxp lv d v|pphwulf Qdvk htxloleulxp,1

Wr vhh zk| wklv lv wkh xqltxh uhvsrqvlyh yrwlqj htxloleulxp revhuyh wkdw
wkh ohiw kdqg vlgh ri Htxdwlrq +:, lv vwulfwo| ghfuhdvlqj lq j�1 Wrjhwkhu zlwk
+<, wklv lpsolhv wkdw zkhqhyhu j� : f +dqg j} ' �� hyhu| yrwhu kdv d vwulfw
lqfhqwlyh wr yrwh wr dftxlw1 Vlploduo|/ wkh ohiw kdqg vlgh ri Htxdwlrq +;,
lv vwulfwo| ghfuhdvlqj lq j}1 Wklv wrjhwkhu zlwk +43, lpsolhv wkdw zkhqhyhu
j} 	 � +dqg j� ' f� hyhu| yrwhu kdv d vwulfw lqfhqwlyh wr yrwh wr frqylfw1

Li rqh ri wkh frqglwlrqv +<, ru +43, grhv qrw krog wkhq wkhuh duh wzr fdvhv
wr frqvlghu1

Fdvh 4= Vxssrvh
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Wkhuhiruh zh jhw
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Fohduo|/ vlqfh j} lv wkh xqltxh vroxwlrq ri +;, lq wklv fdvh/ wkhuh lv d xqltxh
uhvsrqvlyh yrwlqj htxloleulxp lq wklv fdvh1

Fdvh 5= Vxssrvh
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Djdlq/ vlqfh j� lv wkh xqltxh vroxwlrq ri : lq wklv fdvh/ wkhuh lv d xqltxh
uhvsrqvlyh yrwlqj htxloleulxp lq wklv fdvh1
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Zkhqhyhu j� dv gh�qhg e| wkh suhylrxv wzr htxdwlrqv lv ohvv wkdq }hur
wkhq j� ' f dqg zkhqhyhu j� dv gh�qhg e| wkh suhylrxv wzr htxdwlrqv lv
odujhu wkdq � wkhq j� ' ��

Surri ri Sursrvlwlrq 5 Iluvw zh ghprqvwudwh wkdw iru vx!flhqwo| odujh
? wkhuh h{lvwv d uhvsrqvlyh yrwlqj htxloleulxp1 Wr vhh wklv zh �uvw frpsxwh
wkh olplw htxloleulxp dv ? $ 4 iru wkh fdvh zkhuh 	&*? ' k� Lq fdvh 5 zh
kdyh

j� '
RE� n s� � �

R � s E� � R�

zkhuh

s ' *�4
?<"

3
CE� � ^�

^

#
E� � R�

R

$?3k?n�
4
D

�
k?3�

'

#
� � R

R

$ �3k
k

�

dqg wkhuhiruh zh kdyh

j� '
RE� n s�� �

R� sE� � R�
'

RE� n
�
�3R
R

� �3k
k �� �

R�
�
�3R
R

� �3k
k E� � R�

Lw lv hdvlo| fkhfnhg wkdw j� � f iru k � �*2 zlwk j� $ � dv k$ �� Vlploduo|/
lq fdvh 4 zh kdyh wkdw

j} '

�
R

�3R

� k
�3k � �

R
��

R
�3R

� k
�3k n �

�
� �

dqg djdlq lw fdq hdvlo| eh fkhfnhg wkdw f 	 j} � � iru f 	 k � �*2 zlwk
j} $ f dv k$ f�

Wrjhwkhu wklv lpsolhv wkdw iru dq| f 	 k 	 � wkhuh lv d uhvsrqvlyh olplw
htxloleulxp1 Qrz d vlpsoh frqwlqxlw| dujxphqw lpsolhv wkdw iru vx!flhqwo|
odujh ? wkh vroxwlrq wr htxdwlrqv +:, dqg +;, pxvw eh duelwudulo| forvh wr
wkh olplw vroxwlrq dqg khqfh lw iroorzv wkdw iru vx!flhqwo| odujh ? wkhuh lv d
uhvsrqvlyh yrwlqj htxloleulxp1

Wr suryh sduw +5, ri Sursrvlwlrq 5 revhuyh wkdw lq wkh olplw dv ?$4 zh
kdyh wkdw

}U ' � � Rn R
RE� n

�
�3R
R

� �3k
k � � �

R�
�
�3R

R

� �3k
k E� � R�
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dqg

}C ' Rn E� � R�
RE� n

�
�3R
R

� �3k
k � � �

R�
�
�3R
R

� �3k
k E� � R�

�

Qrwh wkdw iru f 	 k 	 � wklv lpsolhv wkdw

}C : }U � 0 +44,

iru vrph 0 : f zklfk ghshqgv rq k�
Qh{w zh vkrz wkdw

}U 	 k 	 }C� +45,

Wr vhh zk| wklv lv vx!flhqw wr suryh sursrvlwlrq 5 qrwh wkdw e| wkh odz ri
odujh qxpehuv wkh dfwxdo vkduh ri jxlow| yrwhv frqyhujhv wr wkh h{shfwhg vkduh
ri jxlow| yrwhv lq hdfk vwdwh1 Khqfh wkh vkduh ri jxlow| yrwhv li wkh ghihqgdqw
lv lqqrfhqw frqyhujhv wr }U 	 k lq suredelolw| dqg khqfh wkh ghihqgdqw lv
dftxlwwhg zlwk suredelolw| forvh wr rqh iru odujh ?1 Vlploduo|/ li wkh ghihqgdqw
lv jxlow| wkh vkduh ri jxlow| yrwhv frqyhujhv wr }C : k lq suredelolw| dqg khqfh
wkh ghihqgdqw lv frqylfwhg zlwk suredelolw| forvh wr rqh iru odujh ?1

Vxssrvh +45, lv ylrodwhg dqg }C : }U � k� Iurp wkh htxloleulxp frqgl0
wlrqv zh nqrz wkdw iru doo ?

�

� n E�3R�E}?��
k?3�E�3}?��

E�3k�?

RE}??}�
k?3�

E�3}??}�
E�3k�?

� ^ +46,

+zkhuh }?r ghqrwhv wkh htxloleulxp suredelolw| ri d jxlow| yrwh lq vwdwh r zlwk
? mxuruv,1 Qrwh wkdw %kE� � %�E�3k� lv d vlqjoh shdnhg ixqfwlrq ri % zlwk d

pd{lpxp dw % ' k� Li }C : }U � kc wkhq
E}U �

kE�3}U �
E�3k�

E}C�kE�3}C�E�3k�
: � dqg khqfh

3
C E}U�

k E� � }U �
E�3k�

E}C�
k E� � }C�

E�3k�

4
D

?

$4

dqg vr wkh ohiw kdqg vlgh ri +46, pxvw frqyhujh wr }hur dv ? $ 4 dqg
khqfh lqhtxdolw| +46, fdqqrw krog1 Dq dqdorjrxv dujxphqw fdq eh pdgh li
k� }C : }U �
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Uhihuhqfhv

^4` Dgohu/ Vwhskdq M1 4<<71 Wkh Mxu|= Wuldo dqg Huuru lq wkh Dphulfdq
Frxuwurrp1 Qhz \run= Wlphv Errnv1

^5` Dxvwhq0Vplwk/ Gdylg dqg Mh�uh| V1 Edqnv1 4<<91 �Lqirupdwlrq Djjuhjd0
wlrq/ Udwlrqdolw| dqg wkh Frqgrufhw Mxu| Wkhruhp� Dphulfdq Srolwlfdo
Vflhqfh Uhylhz/ <3=4 670781

^6` Ihgghuvhq Wlprwk| M1 dqg Zroijdqj Shvhqgruihu1 4<<71 �Yrwlqj Ehkdy0
lru dqg Lqirupdwlrq Djjuhjdwlrq lq Hohfwlrqv zlwk Sulydwh Lqirupdwlrq�/
iruwkfrplqj lq= Hfrqrphwulfd1

^7` Ihgghuvhq/ Wlprwk| M1 dqg Zroijdqj Shvhqgruihu1 4<<9d1 �Wkh Vzlqj
Yrwhu*v Fxuvh�1 Dphulfdq Hfrqrplf Uhylhz/ ;9=6 73;0571

^8` Ihgghuvhq Wlprwk| M1 dqg Zroijdqj Shvhqgruihu1 4<<9e1 �Devwhqwlrq
dqg Frpprq Ydoxhv�1 Xqsxeolvkhg pdqxvfulsw1

^9` Nlqoh|/ Ghdq1 4<<91 �Wkh jryhuqru uh hfwv rq odz
dqg wkh ohjdo surihvvlrq�/ Zhe sdjh1 Lqwhuqhw dgguhvv=
kwws=22zzz1fdoedu1ruj25fem2<9dsu2duw541kwp1

^:` Nodyhq/ Kduu| dqg Kdqv ]hlvho1 4<991 Wkh Dphulfdq Mxu|1 Ervwrq= Olw0
woh/ Eurzq1

^;` Nohyrulfn/ Doylq N1/ Plfkdho Urwkvfklog dqg Fkulvwrskhu Zlqvkls1 4<;71
�Lqirupdwlrq Surfhvvlqj dqg Mxu| Ghflvlrq pdnlqj1� Mrxuqdo ri Sxeolf
Hfrqrplfv 56=5780:;1

^<` Odgkd/ Nulvkqd N1 4<<51 �Wkh Frqgrufhw Mxu| Wkhruhp/ Iuhh Vshhfk/
dqg Fruuhodwhg Yrwhv�1 Dphulfdq Mrxuqdo ri Srolwlfdo Vflhqfh 69=6 94:0
671

^43` Ohylqh/ Mdphv S1 4<<51 Mxulhv dqg Srolwlfv1 Sdfl�f Juryh/ Fdoli1=
Eurrnv2Froh Sxe1 Fr1

^44` PfFduw/ Vdpxho Z1 4<971 Wuldo e| Mxu|= D Frpsohwh Jxlgh wr wkh Mxu|
V|vwhp1 Sklodghoskld= Fklowrq Errnv1
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^45` Ploohu/ Q1 4<;91 �Lqirupdwlrq/ Hohfwrudwhv/ dqg Ghprfudf|> vrph H{0
whqvlrqv dqg Lqwhusuhwdwlrqv ri wkh Frqgrufhw Mxu| Wkhruhp/� lq= E1
Juripdq dqg J1 Rzhq1 hg1 Lqirupdwlrq Srrolqj dqg Jurxs Ghflvlrq
Pdnlqj1 Juhhqzlfk Fw1 MDL Suhvv1

^46` P|huvrq/ Urjhu1 4<<7d1 �Srsxodwlrq Xqfhuwdlqw| dqg Srlvvrq Jdphv�1
plphr1 Qruwkzhvwhuq Xqlyhuvlw|1

^47` P|huvrq/ Urjhu1 4<<7e1 �H{whqghg Srlvvrq Jdphv dqg wkh Frqgrufhw
Mxu| Wkhruhp�1 plphr1 Qruwkzhvwhuq Xqlyhuvlw|1

^48` Zlw/ Mrujhq1 �Udwlrqdo Fkrlfh dqg wkh Frqgrufhw Mxu| Wkhruhp�1
plphr1 Fdowhfk1

^49` \rxqj/ Sh|wrq1 4<;;1 �Frqgrufhw*v Wkhru| ri Yrwlqj�/ Dphulfdq Srolw0
lfdo Vflhqfh Uhylhz ;5+7,> 45640771
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